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The steady-state whirling motion of linear elastic ﬁlaments under self-weight with rotary excitation at one end and free
at the other is examined; speciﬁcally, the eﬀect of bending rigidity is investigated both theoretically and experimentally.
Similarities between the problem of a perfectly ﬂexible string and ﬁlament with non-negligible bending stiﬀness are
exploited in identifying the possible modes of oscillation. The theoretical predictions have been compared with the exper-
imental results for thin ﬁlaments with diﬀerent bending rigidities to demonstrate the eﬀect of bending directly.
 2006 Elsevier Ltd. All rights reserved.
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The dynamics of ﬁlaments has been studied for quite a long time and with renewed interest recently due to
its potential applications in biological problems. The classical theory of the ﬁnite motion of the thin rods was
developed by Kirchhoﬀ about 150 years ago, presented in detail by Love (1927), and recently reviewed by Dill
(1992). While there are a large number of investigations dealing with the motion of perfectly ﬂexible strings
(for example, Carrier, 1945; Harrison, 1948; Oplinger, 1960; Murthy and Ramakrishna, 1965; Narasimha,
1968; Miles, 1984; O’Reilly and Holmes, 1992; Nayfeh et al., 1995; Lin and Ravi-Chandar, 2006), relatively
little work has been done on the motion of ﬁlaments with non-negligible bending stiﬀness. Goriely and Tabor
(1997a,b,c, 2000) studied the nonlinear dynamics of the ﬁlaments based on the Kirchhoﬀ’s rod equations in a
series of papers: they studied the stability of various stationary solutions, such as planar ring and straight rod,
subject to twisting perturbations. They also proved the existence of dynamical instabilities and provided the
selection mechanism for the shape of unstable ﬁlaments. Then, they performed a nonlinear analysis of the
motion of a straight rod and showed that the motion can be described by a pair of nonlinear Klein–Gordon
equations which couple the local deformation amplitude to the twist density. The existence of pulse-like and0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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of helical rods and showed that helices without terminal forces are always dynamically stable.
Whirling motion of the thin ﬁlaments with negligible bending stiﬀness (strings) also exhibits rich dynamics.
Steady-state solutions of the linearized problem in terms of Bessel functions of the ﬁrst kind of order zero were
described by Routh (1905). Kolodner (1955) provided a complete mathematical model and predicted the qual-
itative behavior for this nonlinear problem associated with the whirling of an inextensible, perfectly ﬂexible
string, ﬁxed at one end and free at the other, under self-weight. Caughey (1969) performed a perturbation
analysis of the small amplitude oscillations near resonance and found stable and unstable regimes of the solu-
tions. The nonlinear eigenvalue problem associated with steady-state whirling of the string results in a two-
point boundary value problem; solution of the two-point boundary value problem can be obtained by suitable
numerical methods, such as the shooting method or the ﬁnite diﬀerence method. Coomer et al. (2001) have
recently revisited this problem and obtained such numerical solutions with shooting method. An experimental
investigation of the modes exhibited by a ﬂexible whirling string was reported by Lin and Ravi-Chandar
(2006).
In a reasonably exhaustive search of the literature, we could not ﬁnd investigations of the large amplitude
whirling motions of thin ﬁlaments with non-negligible bending stiﬀness. In this paper, we focus on the steady-
state whirling motion of such ﬁlaments based on Kirchhoﬀ’s rod theory. Speciﬁcally, the coupling eﬀect
between tension and bending has been explored. In Section 2, the governing equations of the whirling motion
of ﬁlaments are obtained based on Kirchhoﬀ’s theory of slender rods. In Section 3, the system of nonlinear
ﬁrst-order ordinary diﬀerential equations (ODE’s), which describes the steady-state whirling motion of the
inextensible ﬁlaments, is presented. The corresponding linearized eigenvalue problem is also discussed in this
section. In Section 4, we study the numerical solutions of the system of nonlinear ﬁrst-order ODE’s. The dif-
ferences between the solutions of strings and rods of various ﬂexural rigidities are discussed. In Section 5, the
experimental results for a rubber string and a nylon ﬁlament are analyzed and compared to the corresponding
numerical predictions. In Section 6, we discuss potential applications of the present work.2. Kirchhoﬀ’s theory of slender rods
Consider an initially straight rod, with one end attached to a motor rotating at constant angular velocity X
and the other left hanging free under gravity. The main assumptions behind Kirchhoﬀ’s rod theory are that the
strains are small and that transverse shear eﬀects on the deformation may be neglected. In the following sub-
sections, we formulate the problem of a whirling ﬁlament within the framework of the Kirchhoﬀ’s theory of
slender rods.2.1. Kinematical description
In order to describe the geometry of the rod during its motion, let us deﬁne three coordinate systems,
namely, a^k, b^kðs; tÞ and e^kðs; tÞ, as shown in Fig. 1. Here, s is a Lagrangian parameter identifying the position
along the neutral axis of the rod and is zero at the ﬁxed end and L at the free end. Speciﬁcally, a^k is a given
triad of unit vectors ﬁxed in space1; the original (undeformed) conﬁguration of the rod is taken to be such that
the coordinate origin is sitting at the ﬁxed end of the rod; a^3 is the direction of the neutral axis, and a^a are the
principal axes of the cross-section. We will restrict attention to circular cross-sections; for this cross-section, a^a
can be chosen as two orthogonal directions oriented arbitrarily in the cross-sectional plane.
b^kðs; tÞ is a triad of local unit vectors for the current (deformed) conﬁguration at each s, before the twist
deformation /(s, t) is considered. b^3 is the tangent vector of the rod, and b^a are the unit vectors associated with
the principal axes of the cross-section. The origin of the b^-frame is at the centroid of the cross-section of each
segment. The e^kðs; tÞ coordinate system is obtained by introducing the twist deformation /(s, t) about the b^31 We use standard index notation with Latin indices taking the range 1, 2, 3 and Greek indices taking the range 1, 2. The repeated index
indicates summation over the range of the index.
Fig. 1. Geometric scheme of the segment of the rod.
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determining the relationship between the a^-frame and the e^-frame.
Now, let us consider the geometrical description of the rod. First, the neutral axis can be represented as a
space curve c with position vector r0(s, t). Then, we have the following representation:r0ðs; tÞ ¼ Xkðs; tÞa^k ð1Þ
where Xk are the components of r0 in the a^-frame. Second, a point in the rod can be represented by vectors
r(s, t) and x(s, t), with r = r0 + x, where r0 is the position vector of the centroid of the cross-section and x is
restricted to the cross-sectional plane; thus, x ¼ xae^a. For convenience, let f0(s, t) denote the partial derivative
of f(s, t) with respect to s and _f ðs; tÞ denote the partial derivative of f(s, t) with respect to t. Then,k  r00
  ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃX 01 2 þ X 02 2 þ X 03 2
q
; r00 ¼ kb^3ðs; tÞ; e^3 ¼ b^3 ¼
X 0k
k
a^k ð2ÞFor circular cross-section, the vectors b^1 and b^2 can be chosen asb^1 ¼ a^3  b^3ja^3  b^3j
ð3Þ
b^2 ¼ b^3  b^1jb^3  b^1j
ð4Þand the relation between b^k and e^k can be obtained by accounting for the twist deformation /(s, t).e^1
e^2
e^3
2
64
3
75 ¼
cos/ sin/ 0
 sin/ cos/ 0
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75 ð5ÞAfter some mathematical manipulation, the relation between deformed conﬁguration e^k and the reference con-
ﬁguration a^k can then be written ase^ ¼ Qa^ ð6Þ
where, e^ ¼ e^1 e^2 e^3½ T, a^ ¼ a^1 a^2 a^3½ T and the transformation matrixQ ¼
 1c X 02 cos/þ
X 0
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 2 þ X 02 2. The transformation matrix Q is orthonormal. So far, the relation between a^-frame
and e^-frame has been established in Eq. (6). Now, we can ﬁnd the spatial and temporal derivates of e^k.e^01
e^02
e^03
2
64
3
75 ¼
0 j3 j2
j3 0 j1
j2 j1 0
2
64
3
75
e^1
e^2
e^3
2
64
3
75 ð8Þ
_^e1
_^e2
_^e3
2
64
3
75 ¼
0 x3 x2
x3 0 x1
x2 x1 0
2
64
3
75
e^1
e^2
e^3
2
64
3
75 ð9Þwhere, j1 and j2 are the curvatures and j3 is the twist of the rod measured in e^-frame; xi’s are the components
of the angular velocity measured in e^-frame.
Finally, by combining Eqs. (6), (8) and (9), we ﬁnd the expressions for ji and xi in terms of Qij:j1 ¼ Q02iQ3i
j2 ¼ Q03iQ1i
j3 ¼ Q01iQ2i
8><
>: ð10Þ
x1 ¼ _Q2iQ3i
x2 ¼ _Q3iQ1i
x3 ¼ _Q1iQ2i
8><
>: ð11ÞAt this point, the kinematical description of r0(s, t) of the model problem has been established. We turn to
the balance of momentum in the next subsection.
2.2. Balance of momentum
Now, we are ready to present the balance of momentum for an inﬁnitesimal segment ds of the rod based on
the continuum theory. From the free-body-diagram shown in Fig. 2, it is clear that the balance of linear
momentum can be written asF0 þ f ¼ qA€r0 ð12Þ
where the forces F exerted by the neighboring segments acting on the segment ds are F ¼ F k e^k. q is the mass
density per unit volume and A is the cross-sectional area of the rod. In general, the body force density per unit
length, f, may act in arbitrary orientations; however, if we consider that the rod is in a gravitational ﬁeld di-
rected along a^3, f ¼ qAga^3 ¼ qAgQk3e^k. Then, Eq. (12) can be written in the e^-frame as indicated below.F 01 þ j2F 3  j3F 2 þ qAgQ13 ¼ qA€X jQ1j
F 02 þ j3F 1  j1F 3 þ qAgQ23 ¼ qA€X jQ2j
F 03 þ j1F 2  j2F 1 þ qAgQ33 ¼ qA€X jQ3j
8><
>>: ð13ÞThe balance of angular momentum for the segment ds shown in Fig. 2 isFig. 2. Free-body-diagram of the inﬁnitesimal rod segment ds.
Table 1
Material and structural properties of rubber and nylon ﬁlaments
Material Rubber Nylon
Density, q (kg/m3) 1130 1100
Modulus of elasticity, E (GPa) 0.0036 2.8
Diameter, d (m) 0.00060 0.00060
Length, L (m) 0.40 0.40
Bending rigidity, EI (N m2) 2.29E08 1.78E05
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Z Z
A
x €rqdx1 dx2 ð14ÞThe moments M exerted by the neighboring segments acting on the segment ds are M ¼ Mk e^k. m represents
distributed external moments, such as viscous torque that might arise for a rod rotating in a ﬂuid environment,
but these are not considered here. After some mathematical manipulations, Eq. (14) can be written in the e^-
frame as indicated below.M 01 þ j2M3  j3M2  kF 2 ¼ qI1ð _x1 þ x2x3Þ
M 02 þ j3M1  j1M3 þ kF 1 ¼ qI2ð _x2  x1x3Þ
M 03 þ j1M2  j2M1 ¼ qððI1 þ I2Þ _x3 þ ðI2  I1Þx1x2Þ
8><
>: ð15ÞNext, we examine the constitutive relations of an initially straight rod. Let us consider the simplest case, i.e.
a homogeneous rod made of linear elastic, isotropic material with Young’s modulus E, Poisson’s ratio m and
shear modulus l with:l ¼ E
2ð1þ mÞ ð16ÞUsing the Bernoulli–Euler bending theory and the Coulomb torsion theory for circular shafts, the expres-
sions relating the moments to the curvatures and twist can be written asM1 ¼ EI1j1
M2 ¼ EI2j2
M3 ¼ lJj3
8><
>: ð17ÞFor the circular cross-section with radius R, I1 = I2 = I = pR
4/4 and J = 2I. It should be noted that gener-
ally, an additional constitutive equation relating the axial tension F3 to the axial stretch k is needed. Here, the
ﬁlament is considered to be inextensible and the condition k = 1 is used as a constraint instead of this consti-
tutive equation. Material properties of rubber and nylon used in this investigation are given in Table 1.3. Steady-state whirling motion
Now, we are ready to derive the equations for the steady-state whirling motion based on the kinematical
Eqs. (6)–(11), conservation Eqs. (13) and (15), and constitutive Eq. (17). Within this theory of bending-torsion
of thin ﬁlaments with circular cross-section, let us explore the possibility of the following steady-state motion:X 1ðs; tÞ ¼ X ðsÞ cosðXtÞ
X 2ðs; tÞ ¼ X ðsÞ sinðXtÞ
X 3ðs; tÞ ¼ ZðsÞ
8><
>: ð18Þfor angular velocity X = const. Note that Eq. (18) implies that the ﬁlament bends in a plane while this plane
rotates at the imposed angular velocity X. As a consequence of the above, Eq. (7) can be simpliﬁed as
3040 B. Lin, K. Ravi-Chandar / International Journal of Solids and Structures 44 (2007) 3035–3048Q ¼
 cos/ sinðXtÞ  Z 0 sin/ cosðXtÞ cos/ cosðXtÞ  Z 0 sin/ sinðXtÞ X 0 sin/
sin/ sinðXtÞ  Z 0 cos/ cosðXtÞ  sin/ cosðXtÞ  Z 0 cos/ sinðXtÞ X 0 cos/
X 0 cosðXtÞ X 0 sinðXtÞ Z 0
2
64
3
75 ð19ÞThen, Eqs. (10) and (11) can be reduced to yield the curvature and angular velocity in the e^-frame,
respectively.j1 ¼ ðX 00Z 0  Z 00X 0Þ cos/
j2 ¼ ðX 00Z 0 þ X 0Z 00Þ sin/
j3 ¼ /0
8><
>: ð20Þ
x1 ¼ XX 0 sin/
x2 ¼ XX 0 cos/
x3 ¼ XZ 0
8><
>: ð21ÞLove (1927) showed that, for the static problem of rods that possess double symmetry of the cross-sectional
plane, the twist equations simply imply that a certain rate of twist must be maintained along the rod; this can
be seen to be true also for the dynamic problem in the last of Eq. (15). Furthermore, for steady-state motion,
we get j03 ¼ 0, which together with the free end boundary conditionM3(L) = 0, leads to j3 = 0. Then, Eq. (13)
and (15) can be simpliﬁed to yield the following governing equations:F 01 ¼ qAX2XZ 0 sin/ j2F 3  qAgX 0 sin/
F 02 ¼ qAX2XZ 0 cos/þ j1F 3  qAgX 0 cos/
F 03 ¼ qAX2XX 0 þ j2F 1  j1F 2  qAgZ 0
8><
>: ð22Þ
EIj01 ¼ qIX2X 0Z 0 cos/þ F 2
EIj02 ¼ qIX2X 0Z 0 sin/ F 1
j3 ¼ 0
8><
>: ð23ÞThe last equations in Eqs. (20) and (23) imply /
0
= 0. Furthermore, the free end boundary condition /(L) = 0
leads to / = 0 for the steady-state whirling motion.
In addition, the inextensibility condition allows us to simplify the above equations by deﬁning a new var-
iable h = h(s), such thatX 0 ¼ sin h
Z 0 ¼ cos h

ð24ÞIn fact, with the above deﬁnition, h represents the slope angle of the deformed ﬁlament in (X,Z) plane.
Then Eq. (20) becomej1 ¼ h0; j2 ¼ 0; j3 ¼ 0 ð25Þ
The second equation in Eq. (23) implies F1 = 0. By considering Eqs. (22)–(25), we end up with the system of
ﬁrst-order nonlinear ODE’sX 0 ¼ sin h
Z 0 ¼ cos h
h0 ¼ j1
j01 ¼ 1EI ðqIX2 sin h cos hþ F 2Þ
F 02 ¼ qAX2X cos hþ j1F 3  qAg sin h
F 03 ¼ qAX2X sin h j1F 2  qAg cos h
8>>>>><
>>>>>:
ð26ÞThese equations describe the large deﬂection bending of a beam in a plane with the distributed load arising
from both the gravitational eﬀect and the inertia of the rotation. The boundary conditions are
Table 2
Linear whirling eigenfrequency for rubber and nylon ﬁlament ðbXnÞ
n Rubber Nylon
Eq. (28) Eq. (29) Eq. (28) Eq. (29)
1 1.21 0.038 1.64 1.06
2 2.79 0.24 7.28 6.65
3 4.50 0.66 19.30 18.64
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Zð0Þ ¼ 0
hð0Þ ¼ 0
j1ðLÞ ¼ 0
F 2ðLÞ ¼ 0
F 3ðLÞ ¼ 0
8>>>><
>>>>>:
ð27ÞThe system of ﬁrst-order ODE’s (26) together with boundary conditions (27) form the nonlinear two-point
boundary value problem. Before turning to solve the fully nonlinear problem, let us consider the small deﬂec-
tion case, i.e. the linearized problem.
3.1. Linearized eigenvalue problem
For the small amplitude deﬂection (Z  s and h 1), sinh  h and cosh  1. Retaining only the terms up
to ﬁrst-order, Eq. (26) can then be simpliﬁed to yield a single fourth-order ODE:EI
d4X
ds4
 qIX2 d
2X
ds2
 qAX2X  qAg d
ds
ðL sÞ dX
ds
	 

¼ 0 ð28Þtogether with boundary conditions X(0) = 0, X
0
(0) = 0, X
00
(L) = 0 and X
000
(L) = 0. This deﬁnes the linear eigen-
value problem for X that can be solved numerically to ﬁnd the eigenvalues Xn. The ﬁrst and third terms in Eq.
(28) are the typical bending and distributed transverse loading contributions, the second term arises from ro-
tary inertia and the last term represents the eﬀect of gravity. Furthermore, if we neglect the eﬀects of rotary
inertia and gravity, Eq. (28) can be reduced tod4X
ds4
 qAX
2
EI
X ¼ 0 ð29ÞThis is the governing equation for steady-state whirling motion of a cantilever beam. The ﬁrst three eigen-
values Xn for the rubber and nylon ﬁlament based on Eqs. (28) and (29) are given in Table 2. For convenience,
the frequency is normalized as bX ¼ X ﬃﬃﬃﬃﬃﬃﬃﬃL=gp , facilitating easy comparison with the string solutions. As can be
seen from Table 2, Eq. (29) gives good approximation for nylon ﬁlament but not for rubber string with very
low bending rigidity. Hence, it is appropriate to ignore the eﬀects of rotary inertia and gravity for the ﬁlaments
with high bending rigidity, such as nylon; on the other hand, it is important to include these eﬀects for the
ﬁlaments with lower bending rigidity, such as rubber, if it is to be modeled as a ﬁlament. The linear theory
predicts that the ﬁlament can only whirl at X = Xn, but the simple experimental observation tells us that this
is not true and hence the nonlinear eﬀects will be investigated by solving the fully nonlinear Eq. (26) numer-
ically in the next section.
4. Numerical simulations
Eq. (26) together with Eq. (27) constitute a nonlinear eigenvalue problem for the steady-state whirling
shape of the slender rod or the thin ﬁlament; it is the counterpart of the nonlinear eigenvalue problem for
a string that was considered by Kolodner (1955). In analogy to that problem, we expect that for any frequency
3042 B. Lin, K. Ravi-Chandar / International Journal of Solids and Structures 44 (2007) 3035–3048XP Xn, where Xn are the eigenvalues of the corresponding linearized problem, there are n mode shapes that
are available for the whirling of the rod (when n > 1). The eigenvalue problem which consists of six nonlinear
ﬁrst-order ODE’s can be solved by using ﬁnite diﬀerence method (Shampine et al., 2003). Material parameters
corresponding to the thin ﬁlaments of diﬀerent bending stiﬀness used in the simulations are listed in Table 1.
The steady-state solution can be determined by specifying either the rotational speed X or the amplitude X(L)
of the free end as the input, and searching for the other one. The whirling shapes (X(s),Z(s)) and the corre-
sponding internal forces, i.e. tension F3(s), in-plane shear force F2(s) and in-plane bending moment M1(s) are
then calculated easily. The results of numerical simulation are described in the following paragraphs.
First, we ﬁx the material parameters to correspond to that of rubber and obtain the steady-state solution at
diﬀerent frequencies of whirling. For a given amplitude X(L)/L of the free end, there exist several solutions
corresponding to diﬀerent mode shapes and frequencies that satisfy Eqs. (26) and (27). From such simulations,
we show in Fig. 3 the mode shapes corresponding to a ﬁxed tip deﬂection X(L)/L = 0.087, at four diﬀerent
whirling frequencies bX ¼ 1:31; 3:09; 5:31; and 8:39. The corresponding variations of the normalized tension,
transverse shear force and bending moment along the length of the ﬁlament are shown in Fig. 4. The mode
shapes are somewhat diﬀerent from the solutions that are predicted by the string model. In a similar manner,
we perform an exhaustive numerical search in the X ðLÞ=L bX space in order to construct the bifurcation dia-
gram for the whirling motion of the rubber ﬁlaments based on the Kirchhoﬀ’s rod theory; this result is shown
in Fig. 5, where the amplitude of the free end of the steady-state whirling, X(L)/L, is shown as a function of the
normalized whirling frequency bX. For comparison, the corresponding result for a whirling string is shown
superposed in the same ﬁgure. For the rubber cord, with a small bending rigidity of EI = 2.29 · 108 N m2,
the steady-state whirling behavior with and without bending eﬀect appear to be qualitatively similar. Quan-
titatively signiﬁcant diﬀerences appear only for higher modes and then, only for smaller amplitudes. We will
examine these through experiments in the next section.
Second, in order to examine the inﬂuence of the relatively large bending rigidity, another set of simula-
tions was performed with material properties corresponding to a nylon ﬁshing line. The mode shape, tension,
shear force and bending moment distributions corresponding to n = 2 are shown in Fig. 6, together with a
comparison of the corresponding mode for the string; clearly as EI increases, bending eﬀects become more
signiﬁcant. The most obvious deviations are to be found near the ﬁxed support at s = 0, where the slope must
be zero if bending is important. The bifurcation diagram corresponding to this simulation is shown in Fig. 7,Fig. 3. Whirling shapes at diﬀerent driving frequencies corresponding to X(L)/L = 0.0870 (material: rubber with EI = 2.29 · 108 N m2).
Fig. 4. Normalized internal forces distributions along the length of the ﬁlament at diﬀerent driving frequencies with X(L)/L = 0.0870. (a)
Tension; (b) shear force and (c) bending moment (material: rubber with EI = 2.29 · 108 N m2).
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ﬁgure. For the nylon ﬁlament, with bending rigidity EI = 1.78 · 105 N m2, steady-state solutions corre-
sponding to the n = 2 mode are available over a wider range of frequencies, but these are shifted to higher
frequencies in comparison to the string. For example, small amplitude motion in the mode n = 2 appears at a
normalized frequency of 2.8 for the string with negligible bending rigidity, while the nylon exhibits this solu-
tion at a normalized frequency of 7.3. For ﬁlaments of other materials such as glass, carbon, steel, etc., EI
increases signiﬁcantly and bending eﬀects will become more and more evident. On the other hand, as the
diameter of the ﬁlaments become extremely small (with diameters in the range of lm), EI can be made extre-
mely small and bending eﬀects diminish. Our eventual goal is to apply these considerations to the motion of
sperm driven by a single ﬂagellum; the bending rigidity for the ﬂagella have been estimated to be around
EI = 1023 N m2 (Venier et al., 1994), and hence the response of the ﬂagella may be modeled with the simple
string equations rather than the more complicated bending equations. In the next section, we present results
of an experimental investigation to examine the eﬀects of diﬀerent bending rigidity on whirling motion of the
ﬁlaments.
Fig. 5. Comparison of bifurcation diagram of whirling motion between the string model and the rod theory (material: rubber with
EI = 2.29 · 108 N m2).
Fig. 6. Comparison of the theoretical predictions for mode n = 2 between the string model and the rod theory (driving frequency
X2 = 37.32 rad/s). (a) Mode shapes and (b) tension, shear force and bending moment distributions.
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The inﬂuence of bending rigidity was examined directly through experiments on rubber and nylon ﬁla-
ments. Details of the experimental system have been described earlier (Lin and Ravi-Chandar, 2006) in con-
nection with an examination of the whirling of strings and are summarized here brieﬂy. The rubber strings
were quite straight and needed no special care in handling, but the nylon ﬁlaments taken from the spool exhib-
ited signiﬁcant initial curvature. This was minimized by stretching the nylon ﬁlaments to near failure at a tem-
perature of about 140 C and holding for about 18 h, removing the curvature. The rubber and nylon ﬁlaments
were attached to a speed-controlled dc motor on one end. A precision-machined sleeve was press ﬁt on the
shaft of the motor to ensure proper balancing of the rotating mass. The rubber or nylon ﬁlament was inserted
Fig. 7. Variations of the free-end amplitude with the whirling frequency for mode n = 2 are compared for ﬁlaments with diﬀerent bending
rigidities.
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ﬁlament was left freely hanging thereby replicating the boundary conditions assumed in the problem. Quan-
titative measurement of the motion of the ﬁlaments was obtained using a video imaging system, operated in a
time-averaging mode; the image was acquired continuously in a CCD camera over a time of about 0.25 s, thus
recording the average of many rotations of the whirling ﬁlament. This imaging scheme allowed the mode
shapes of the whirling motion to be captured and stored for later analysis.
Lin and Ravi-Chandar (2006) examined the various modes exhibited by a rubber string; in particular, they
showed that the analysis based on the assumption of negligible bending stiﬀness was capable of capturing the
essential response of the rubber string, but some discrepancy was noted at the higher whirling modes. A part
of their experimental results is reproduced here in Fig. 8, along with the steady-state solutions that are derived
from the bending analysis of the present paper. This ﬁgure shows the bifurcation diagram corresponding to
the steady-state solutions (dashed lines correspond to the string analysis, while the solid lines correspond to
the solutions of Eqs. (26) and (27)), together with the measured amplitudes corresponding to the forced
motion. It is clear from this ﬁgure that while the string analysis is adequate to describe the motion for modes
2 and 3, it is necessary to incorporate bending eﬀects when considering higher modes. Other features exhibitedFig. 8. Comparison of bifurcation diagram between the numerical prediction and experimental results.
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and Ravi-Chandar (2006) and are not shown in Fig. 8.
In contrast, the experimental observations on the nylon ﬁlament demonstrate the importance of bending
eﬀect clearly. Two time-averaged images of the whirling motion of the nylon ﬁlament are shown in Fig. 9 cor-
responding to modes 2 and 3. The mode shapes calculated from the string and rod equations are shown super-
posed in the images; the dashed lines in both ﬁgures correspond to the string approximation while the solid
line is the result of the simulation based on incorporating the appropriate bending stiﬀness of the nylon.
Two options are available in eﬀecting this matching; the ﬁrst is to calculate the mode shapes with both models
at the frequency that corresponds to the experimental condition; this leads to inconsistent amplitudes for the
two cases; so we ﬁx the amplitude to be at the experimental value and search for the frequency corresponding
to this amplitude and evaluate the mode shape at that frequency. The second approach leads to meaningful
comparison between the experimental mode shapes and the simulations; values of the frequencies at which the
amplitude matching was obtained are given in Table 3. Clearly, bending eﬀects dominate the response of the
nylon ﬁlament.
The complete frequency response of the nylon ﬁlament was examined by capturing the whirling motion at
normalized driving frequencies in the range of 4.8–22.3. Variation of the amplitude X(L)/L with normalized
frequency bX is shown in Fig. 10. We explored only the region around the mode n = 2; in analogy with the
results of the whirling string (Lin and Ravi-Chandar (2006)), we anticipate similar response around other
modes. The frequency response was obtained by driving the nylon ﬁlament at a given frequency for a few min-
utes until the starting transients had dissipated completely; at this point a time-averaged image was obtained
with the CCD camera and the amplitude at the free end was measured. This procedure was repeated as the
frequency was increased or decreased in small steps. A number of observations can be made from the results
displayed in this ﬁgure.Fig. 9. Time-averaged images of the nylon ﬁlament corresponding to two steady-state whirling modes (n = 2 and n = 3) are compared
with the predictions of the string model (dashed lines) and the rod theory (solid lines). See Table 3 for frequencies used in the experiments
and simulations. Images have been histogram equalized to increase visibility of the mode shapes.
Table 3
Comparison of frequencies for whirling of nylon ﬁlament ðbXÞ
Mode n Matching string solution (no ﬂexural rigidity) Matching rod solution (nylon) Experiment
2 3.62 9.49 10.65
3 4.71 20.51 21.49
Fig. 10. Variation of the free-end amplitude with the whirling frequency is compared between the analytical and experimental results of
nylon ﬁlament. The star and cross symbols are with increasing frequency and the circle symbols (both hollow and solid) are with
decreasing frequency. Dashed lines are free hand lines suggesting expected trends.
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amplitude continues to increase with increasing frequency. While we have not calculated the forced
response, we expect that it will follow the trends generally seen with the string (see Caughey, 1969 for
an approximate solution to the forced motion of a whirling string) or a simple nonlinear oscillator; this
trend is indicated by the dashed line.
• As the frequency is increased past the 2nd mode, the ﬁlament enters a region of chaotic motion, where
the amplitude never settles down; this frequency range is shown by the shaded region in Fig. 10. It was
in this region that the string exhibited a trapped motion with a periodic modulation of the whirling
motion with an axial motion (Lin and Ravi-Chandar, 2006); such trapped states are absent in the nylon
ﬁlament.
• At a certain frequency, it jumps into a stable mode 3 shape and settles down to steady whirling at signif-
icantly smaller amplitudes; the steady motions corresponding to continued increase in frequency is indi-
cated by the cross symbols and approaches the bifurcation line corresponding to mode 3. The dotted
lines are again drawn intuitively with the trends derived from the string solutions.
• Upon decreasing the normalized frequency from 21.3, the frequency response retraces the path followed
while increasing the frequency until about a normalized frequency of 10.6. The corresponding results are
indicated by the ﬁlled circles.
• Below a frequency of 10.6, the ﬁlament once again enters a regime without any steady motion; as the fre-
quency is decreased further, the string jumps into a mode 2 whirling, with signiﬁcantly larger amplitude.
Continued decrease in frequency results in the ﬁlament following the motion observed as the frequency
was increased; the corresponding results are indicated by the open circles.
These experimental observations conﬁrm the trends predicted by the numerical simulations. More impor-
tantly, they indicate the range of stiﬀness in which the bending eﬀects are important.
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The steady-state nonlinear whirling response of the thin ﬁlaments with non-negligible bending stiﬀness has
been studied based on the Kirchhoﬀ’s theory of slender rods; these ﬁlaments exhibit interesting nonlinear
dynamic response. Qualitatively, the response is similar to that observed in the whirling strings with negligible
bending stiﬀness. For a given XP Xn (n > 1), n mode shapes corresponding to diﬀerent whirling amplitudes
exist. Quantitatively, the frequencies at which these solutions appear are higher for the ﬁlament with non-neg-
ligible bending stiﬀness than for the string with negligible bending stiﬀness. Experimental measurements of the
forced whirling motion of rubber and nylon ﬁlaments have been used to demonstrate the eﬀect of bending. In
contrast to the rubber strings, trapped-steady-state motions were not found in the nylon ﬁlaments, but regions
of chaotic motions were identiﬁed. These diﬀerences need to be examined further. In many applications, such
as some biological organisms propelled by cilia or ﬂagella or in engineering applications that use ﬁlaments,
such as in drill-strings in petroleum engineering, the competition between ﬂexural rigidity and tension domi-
nated motion can be important depending on the length scales. The investigation presented in this paper may
provide a basis for further studies of ﬂagellar and coil motions.
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